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Abstract. The paper deals with the problem of the rigorous description of the
evolution of states of large particle quantum systems by means of correlation op-
erators. A nonperturbative solution of the Cauchy problem of the hierarchy of
nonlinear evolution equations for a sequence of marginal correlation operators is
constructed. For initial states specified in terms of a one-particle density operator
and correlation operators we also develop an approach to the description of the pro-
cesses of the creation and the propagation of correlations within the framework of
a one-particle density operator. Moreover, the mean field asymptotic behavior of
constructed marginal correlation operators is established.
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1 Introduction: on the propagation of initial correlations
In papers [1], [2] it was developed two new approaches to the description of the propagation of
initial correlations of large particle quantum systems in the mean field scaling limit. We note that
initial states specified by correlations are typical for the condensed states of particle systems in
contrast to their gaseous state [3], [4].
In paper [1] the property of the propagation of initial correlations was proved within the frame-
work of the description of the evolution by means of marginal observables and in paper [2] this
property was established by another method in terms of a one-particle (marginal) density oper-
ator governed by the generalized quantum kinetic equation [5]. It was proved that for a system
of a non-fixed (i.e., arbitrary but finite) number of identical particles, obeying the Maxwell –
Boltzmann statistics, in case of initial states specified by a sequence of the following marginal
correlation operators (we use notations accepted in review [6])
g(c) =
(
I, f 01 (1), g2(1, 2)
2∏
i=1
f 01 (i), . . . , gn(1, . . . , n)
n∏
i=1
f 01 (i), . . .
)
,
in the mean field scaling limit the evolution of all possible correlations is described by the following
sequence of the limit marginal correlation operators
gn(t, 1, . . . , n) =
n∏
i1=1
G∗1(t, i1)gn(1, . . . , n)
n∏
i2=1
(G∗1)
−1(t, i2)
n∏
j=1
f1(t, j), n ≥ 2, (1)
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where the one-particle density operator f1(t) is a solution of the Cauchy problem of the quantum
Vlasov-type kinetic equation with initial correlations:
∂
∂t
f1(t, 1) = N
∗(1)f1(t, 1) + (2)
Tr2N
∗
int(1, 2)
2∏
i1=1
G∗1(t, i1)(1 + g2(1, 2))
2∏
i2=1
(G∗1)
−1(t, i2)f1(t, 1)f1(t, 2),
f1(t)|t=0 = f
0
1 . (3)
In expressions (1)) and kinetic equation (2) it was used: the units where h = 2π~ = 1 is a Planck
constant, m = 1 is the mass of particles and the group of operators G∗1(t, j) of the free motion of
jth particle defined on the space of trace class operators f1:
R
1 ∋ t 7→ G∗1(t)f1
.
= e−itK(j)f1e
itK(j), (4)
where the operator K(j) is the kinetic energy operator of the jth particle. The inverse group to
the group (G∗1)(t) we denote by (G
∗
1)
−1(t) = G∗1(−t). On its domain of definition the von Neumann
operator N ∗(1) of the free motion is defined as follows: N ∗(1)f1
.
= −i (K(1)f1− f1K(1)), and the
operator N ∗int(1, 2) is defined by the operator of a two-body interaction potential Φ, respectively,
N ∗int(1, 2)f2
.
= −i (Φ(1, 2)f2 − f2Φ(1, 2)).
Thus, it was established that mean field dynamics does not create new correlations except of
those that generating by initial correlations (1).
We remark that the conventional approach to the problem of the description of the propagation
of initial chaos, i.e. in case of initial states specified by a one-particle density operator without
correlation operators, is based on the consideration of an asymptotic behavior of a solution of the
quantum BBGKY hierarchy for marginal density operators constructed within the framework of
the perturbation theory [7]– [11] (for collisional dynamics of hard spheres see also [12]– [15]).
In this paper we consider the problem of the rigorous description of the evolution of states
of large particle quantum systems within the framework of marginal correlation operators. In
next section 2, we construct a nonperturbative solution of the Cauchy problem of the hierarchy of
nonlinear evolution equations for marginal correlation operators. Then in section 3, we consider
an approach to the description of correlations by means of a one-particle (marginal) density
operator. In section 4, we establish a mean field asymptotic behavior of the constructed correlation
operators. Finally, in section 5, we conclude with some advances of the developed approaches to
the description of quantum correlations.
2 A nonperturbative solution of the hierarchy of evolution
equations for marginal correlation operators
It is known [6], that the evolution of states of large particle quantum systems can be described
within the framework of marginal (s-particle) density operators as well as in terms of marginal
correlation operators. Traditionally marginal correlation operators are introduced by means of
the cluster expansions of marginal density operators. The physical interpretation of marginal
correlation operators is that the macroscopic characteristics of fluctuations of mean values of
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observables are determined by them on the microscopic level. In this section we construct a
solution of the Cauchy problem of the fundamental evolution equations for marginal correlation
operators.
2.1 Preliminaries: dynamics of correlations
Let the space H be a one-particle Hilbert space, then the n-particle space Hn = H⊗n is a tensor
product of n Hilbert spaces H. We adopt the usual convention that H⊗0 = C. The Fock space
over the Hilbert space H we denote by FH =
⊕∞
n=0Hn. A self adjoint operator fn defined on the
n-particle Hilbert space Hn = H
⊗n will be also denoted by the symbol fn(1, . . . , n).
Let L1(Hn) be the space of trace class operators fn ≡ fn(1, . . . , n) ∈ L1(Hn) that satisfy
the symmetry condition: fn(1, . . . , n) = fn(i1, . . . , in) for arbitrary (i1, . . . , in) ∈ (1, . . . , n), and
equipped with the norm: ‖fn‖L1(Hn) = Tr1,...,n|fn(1, . . . , n)|, where Tr1,...,n are partial traces over
1, . . . , n particles. We denote by L10(Hn) the everywhere dense set of finite sequences of degenerate
operators with infinitely differentiable kernels with compact supports.
On the space of trace class operators L1(Hn) it is defined the one-parameter mapping G∗n(t)
R
1 ∋ t 7→ G∗n(t)fn
.
= e−itHnfne
itHn , (5)
where the operatorHn is the Hamiltonian of a system of n particles, obeying Maxwell – Boltzmann
statistics, and we use units where h = 2π~ = 1 is a Planck constant and m = 1 is the mass of
particles. The inverse group to the group (G∗n)(t) we denote by (G
∗
n)
−1(t) = G∗n(−t). On its domain
of the definition the infinitesimal generator N ∗n of the group of operators (5) is determined in the
sense of the strong convergence of the space L1(Hn) by the operator
lim
t→0
1
t
(
G∗n(t)fn − fn
)
= −i (Hnfn − fnHn)
.
= N ∗nfn, (6)
that has the following structure: N ∗n =
∑n
j=1N
∗(j) + ǫ
∑n
j1<j2=1
N ∗int(j1, j2), where the operator
N ∗(j) is a free motion generator of the von Neumann equation [6], the operator N ∗int is defined
by means of the operator of a two-body interaction potential Φ by the formula: N ∗int(j1, j2)fn
.
=
−i (Φ(j1, j2)fn − fnΦ(j1, j2)), a scaling parameter we denote by ǫ > 0.
On the space L1(FH) = ⊕∞n=0L
1(Hn) of sequences f = (f0, f1, . . . , fn, . . .) of trace class opera-
tors fn ∈ L
1(Hn) and f0 ∈ C the following nonlinear one-parameter mapping is defined:
G(t; 1, . . . , s | f)
.
=
∑
P: (1,...,s)=
⋃
j Xj
A|P|(t, {X1}, . . . , {X|P|})
∏
Xj⊂P
f|Xj |(Xj), s ≥ 1, (7)
where the symbol
∑
P: (1,...,s)=
⋃
j Xj
means the sum over all possible partitions P of the set (1, . . . , s)
into |P| nonempty mutually disjoint subsets Xj ⊂ Y ≡ (1, . . . , s), the set ({X1}, . . . , {X|P|})
consists from elements which are subsets Xj ⊂ Y , i.e. |({X1}, . . . , {X|P|})| = |P|. The generating
operator A|P|(t) of expansion (7) is the |P|th-order cumulant of groups of operators (5) defined by
the following expansion:
A|P|(t, {X1}, . . . , {X|P|})
.
= (8)∑
P
′
: ({X1},...,{X|P|})=
⋃
k Zk
(−1)|P
′
|−1(|P
′
| − 1)!
∏
Zk⊂P
′
G∗|θ(Zk)|(t, θ(Zk)),
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where the declusterization mapping θ is defined as follows: θ({X1}, . . . , {X|P|}) = (1, . . . , s).
Below we adduce the examples of mapping expansion (7):
G(t; 1 | f) = A1(t, 1)f1(1),
G(t; 1, 2 | f) = A1(t, {1, 2})f2(1, 2) + A1+1(t, 1, 2)f1(1)f1(2),
G(t; 1, 2, 3 | f) = A1(t, {1, 2, 3})f3(1, 2, 3) + A1+1(t, 1, {2, 3})f1(1)f2(2, 3) +
A1+1(t, 2, {1, 3})f1(2)f2(1, 3) + A1+1(t, 3, {1, 2})f1(3)f2(1, 2) + A3(t, 1, 2, 3)f1(1)f1(2)f1(3),
On operators fs ∈ L1(Hs), s ≥ 1, the mapping G(t; Y |f) is defined and, according to the
inequality for cumulant (8) of groups of operators (5)∥∥∥A|P|(t, {X1}, . . . , {X|P|})fs∥∥∥
L1(Hs)
≤ |P|! e|P|
∥∥fs∥∥L1(Hs),
the following estimate is true: ∥∥∥G(t; 1, . . . , s | f)∥∥∥
L1(Hs)
≤ s!e2scs, (9)
where c ≡ e3max(1,maxP: Y=⋃i Xi ‖f|Xi|‖L1(H|Xi|)).
On the space L1(FH) one-parameter mapping (7) is a bounded strong continuous group of
nonlinear operators and it is determined a solution of the Cauchy problem for the von Neumann
hierarchy for correlation operators [16].
The evolution of all possible states of quantum systems of a non-fixed (i.e., arbitrary but
finite) number of identical particles, obeying the Maxwell – Boltzmann statistics, can be described
by means of the sequence g(t) = (g0, g1(t), . . . , gs(t), . . .) ∈ L1(FH) of the correlation operators
gs(t) ≡ gs(t, 1, . . . , s), s ≥ 1, governed by the Cauchy problem of the von Neumann hierarchy [17]:
∂
∂t
gs(t, 1, . . . , s) = N (1, . . . , s | g(t)), (10)
gs(t)
∣∣
t=0
= g0,ǫs , s ≥ 1, (11)
where ǫ > 0 is a scaling parameter. The generator of the hierarchy of nonlinear evolution equations
(10) has the structure
N (1, . . . , s | g(t))
.
= N ∗s gs(t, 1, . . . , s) + (12)
ǫ
∑
P: (1,...,s)=X1
⋃
X2
∑
i1∈X1
∑
i2∈X2
N ∗int(i1, i2)g|X1|(t, X1)g|X2|(t, X2),
where the symbol
∑
P: (1,...,s)=X1
⋃
X2
means the sum over all possible partitions P of the set Y ≡
(1, . . . , s) into two nonempty mutually disjoint subsets X1 ⊂ Y and X2 ⊂ Y , and the operator
N ∗s is the von Neumann operator defined by formula (6) on the subspace L
1
0(Hs) ⊂ L
1
0(Hs).
We remark that correlation operators are introduced by means of the cluster expansions of the
density operators (the kernel of a density operator is known as a density matrix) governed by the
von Neumann equations, and it is to enable to describe of the evolution of states by the equivalent
method in comparison with the density operators [6].
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A nonperturbative solution of the Cauchy problem of the von Neumann hierarchy (10),(11) for
correlation operators is determined by the group of nonlinear operators (7), i.e.
g(t, 1, . . . , s) = G(t; 1, . . . , s | g(0)), s ≥ 1, (13)
where g(0) = (g0, g
0,ǫ
1 , . . . , g
0,ǫ
n , . . .) is a sequence of initial correlation operators.
We note that in case of the absence of correlations between particles at initial time, i.e. initial
data (11), satisfying a chaos condition, the sequence of initial correlation operators has the form
g(0) = (0, g0,ǫ1 , 0, . . . , 0, . . .).
Then solution (13) of the Cauchy problem of the von Neumann hierarchy (10),(11) is represented
by the following expansions:
gs(t, 1, . . . , s) = As(t, 1, . . . , s)
s∏
i=1
g
0,ǫ
1 (i), s ≥ 1,
where the operator As(t) is the sth-order cumulant of groups of operators (5) determined by the
expansion
As(t, 1, . . . , s) =
∑
P: (1,...,s)=
⋃
i Xi
(−1)|P|−1(|P| − 1)!
∏
Xi⊂P
G∗|Xi|(t, Xi), (14)
and we used notations accepted in formula (7).
2.2 A nonperturbative solution of the nonlinear BBGKY hierarchy
for marginal correlation operators
We introduce the marginal correlation operators by means of the macroscopic characteristics of
fluctuations of mean values of observables are determined.
The marginal correlation operators are defined within the framework of a solution of the Cauchy
problem of the von Neumann hierarchy (10),(11) by the following series expansions:
Gs(t, 1, . . . , s)
.
=
∞∑
n=0
1
n!
Trs+1,...,s+n G(t; 1, . . . , s+ n | g(0)), s ≥ 1. (15)
According to estimate (9), series (15) exists and the following estimate holds:
∥∥Gs(t)∥∥L1(Hs) ≤
s!(2e2)scs
∑∞
n=0(2e
2)ncn.
The evolution of all possible states of quantum large particle systems, obeying the Maxwell
– Boltzmann statistics, can be described by means of the sequence G(t) = (I, G1(t), G2(t), . . . ,
Gs(t), . . .) ∈ L
1(FH) of marginal correlation operators governed by the Cauchy problem of the
following hierarchy of nonlinear evolution equations (the nonlinear quantum BBGKY hierarchy):
∂
∂t
Gs(t, Y ) = N (Y | G(t)) + Trs+1
∑
i∈Y
N ∗int(i, s+ 1)
(
Gs+1(t, Y, s+ 1) + (16)
ǫ
∑
P : (Y, s+ 1) = X1
⋃
X2,
i ∈ X1; s+ 1 ∈ X2
G|X1|(t, X1)G|X2|(t, X2)
)
,
Gs(t)
∣∣
t=0
= G0,ǫs , s ≥ 1. (17)
Dynamics of correlations 7
In evolution equations (16) it was used notations accepted above, in particular, (1, . . . , s) ≡ Y ,
the operators N (1, . . . , s | G(t)) ≡ N (Y | G(t)), s ≥ 1, are generators (12) of the von Neumann
hierarchy (10) and ǫ > 0 is a scaling parameter.
The rigorous derivation of the hierarchy of evolution equations for marginal correlation opera-
tors (16), according to definition (15), consists in its derivation from the von Neumann hierarchy
for correlation operators (10) [19] (for marginal density operators see paper [20]).
A nonperturbative solution of the Cauchy problem (16),(17) is represented by a sequence of
the following self-adjoint operators:
Gs(t, Y ) =
∞∑
n=0
1
n!
Trs+1,...,s+nA1+n(t; {Y }, s+ 1, . . . , s+ n | G(0)), s ≥ 1, (18)
where a sequence of initial marginal correlation operators we denote by G(0) = (I, G0,ǫ1 (1), . . . ,
G0,ǫs (1, . . . , s), . . .). The generating operators of series expansion (18), in particular, the operator
A1+n(t; {Y }, s+1, . . . , s+n | G(0)) is the (1+n)th-order cumulant of groups of nonlinear operators
(7) of the von Neumann hierarchy for correlation operators
A1+n(t; {Y }, s+ 1, . . . , s+ n | G(0))
.
= (19)∑
P: ({Y },s+1,...,s+n)=
⋃
k Xk
(−1)|P|−1(|P| − 1)!G(t; θ(X1) | . . .G(t; θ(X|P|) | G(0)) . . .),
where the composition of mappings (7) of corresponding noninteracting groups of particles is
denoted by G(t; θ(X1) | . . .G(t; θ(X|P|) | G(0)) . . .), for example,
G
(
t; 1 | G(t; 2 | f)
)
= A1(t, 1)A1(t, 2)f2(1, 2),
G
(
t; 1, 2 | G(t; 3 | f)
)
= A1(t, {1, 2})A1(t, 3)f3(1, 2, 3) +
A2(t, 1, 2)A1(t, 3)
(
f1(1)f2(2, 3) + f1(2)f2(1, 3)
)
.
Below we adduce the examples of expansions (19). The first order cumulant of the groups of
nonlinear operators (7) is the same group of nonlinear operators, i.e.
A1(t; {1, . . . , s} | G(0)) = G(t; 1, . . . , s | G(0)),
in case of s = 2 the second order cumulant of groups of nonlinear operators (7) represents by the
following expansion:
A1+1(t; {1, 2}, 3 | G(0)) = G(t; 1, 2, 3 | G(0))− G
(
t; 1, 2 | G(t; 3 | G(0))
)
=
A1+1(t, {1, 2}, 3)G
0,ǫ
3 (1, 2, 3) +
(
A1+1(t, {1, 2}, 3)− A1+1(t, 2, 3)A1(t, 1)
)
G
0,ǫ
1 (1)G
0,ǫ
2 (2, 3) +(
A1+1(t, {1, 2}, 3)− A1+1(t, 1, 3)A1(t, 2)
)
G
0,ǫ
1 (2)G
0,ǫ
2 (1, 3) +
A1+1(t, {1, 2}, 3)G
0,ǫ
1 (3)G
0,ǫ
2 (1, 2) + A3(t, 1, 2, 3)G
0,ǫ
1 (1)G
0,ǫ
1 (2)G
0,ǫ
1 (3),
where the operator A3(t, 1, 2, 3) = A1+1(t, {1, 2}, 3)− A1+1(t, 2, 3)A1(t, 1)− A1+1(t, 1, 3)A1(t, 2) is
the third order cumulant of groups of operators (5).
In case of initial data specified by the sequence of marginal correlation operators
G(c) =
(
0, G0,ǫ1 , 0, . . . , 0, . . .
)
, (20)
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i.e. initial data satisfying a chaos condition, according to definition (19), marginal correlation
operators (18) are represented by the following series expansions:
Gs(t, 1, . . . , s) =
∞∑
n=0
1
n!
Trs+1,...,s+nAs+n(t; 1, . . . , s+ n)
s+n∏
i=1
G
0,ǫ
1 (i), s ≥ 1, (21)
where the generating operator As+n(t) of this series is the (s+n)th-order cumulant (14) of groups
of operators (5).
We remark that within the framework of marginal density operators defined by means of the
cluster expansions of marginal correlation operators
F 0,ǫs (1, . . . , s) =
∑
P : (1, . . . , s) =
⋃
i Xi
∏
Xi⊂P
G
0,ǫ
|Xi|
(Xi), s ≥ 1,
initial state similar to (20) is specified by the sequence F (c) =
(
I, F
0,ǫ
1 (1), . . . ,
∏n
i=1F
0,ǫ
1 (i), . . .
)
,
and in case of sequence (21) the marginal density operators are represented by the following series
expansions (a nonperturbative solution of the quantum BBGKY hierarchy [6]):
Fs(t, 1, . . . , s) =
∞∑
n=0
1
n!
Trs+1,...,s+nA1+n(t; {Y }, s+ 1, . . . , s+ n)
s+n∏
i=1
F
0,ǫ
1 (i), s ≥ 1,
where the generating operator A1+n(t) is the (1 + n)th-order cumulant of groups of operators (5).
One of the methods to derive the series expansion (18) for marginal correlation operators
consists on the application of the cluster expansions of groups of nonlinear operators (7) over
cumulants (19) in the definition of marginal correlation operators (15) and the sequence of initial
correlation operators g(0) = (I, g0,ǫ1 (1), . . . , g
0,ǫ
n (1, . . . , n), . . .) determined by means of the marginal
correlation operators:
g0,ǫs (1, . . . , s)
.
=
∞∑
n=0
(−1)n
1
n!
Trs+1,...,s+n G
0,ǫ
s+n(1, . . . , s+ n), s ≥ 1. (22)
Indeed, developing the generating operators of series (18) as cluster expansions
G(t; 1, . . . , s+ n | f) =
∑
P: (1,...,s+n)=
⋃
k Xk
A|X1|(t;X1 | . . .A|X|P||(t;X|P| | f) . . .), (23)
according to definition (22), we derive expressions (18). The solutions of recursive relations (23)
is represented by expansions (19).
We remark that on the space L1(FH) the generating operator (19) of series expansion (18) can
be represented as the (1+n)th-order reduced cumulant of groups of nonlinear operators (7) of the
von Neumann hierarchy [19]
U1+n(t; {1, . . . , s}, s+ 1, . . . , s+ n | G(0))
.
= (24)
n∑
k=0
(−1)k
n!
k!(n− k)!
∑
P: (θ({1,...,s}),s+1,...,s+n−k)=
⋃
i Xi
A|P|
(
t, {X1}, . . . , {X|P|}
)
×
k∑
k1=0
k!
k1!(k − k1)!
. . .
k|P|−2∑
k|P|−1=0
k|P|−2!
k|P|−1!(k|P|−2 − k|P|−1)!
G
0,ǫ
|X1|+k−k1
(X1,
s+ n− k + 1, . . . , s+ n− k1) . . .G
0,ǫ
|X|P||+k|P|−1
(X|P|, s+ n− k|P|−1 + 1, . . . , s+ n).
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We adduce simplest examples of reduced cumulants (24) of groups of nonlinear operators (7):
U1(t; {1, . . . , s} | G(0)) = G(t; 1, . . . , s | G(0)) =∑
P: (1,...,s)=
⋃
i Xi
A|P|
(
t, {X1}, . . . , {X|P|}
) ∏
Xi⊂P
G
0,ǫ
|Xi|
(Xi),
U1+1(t; {1, . . . , s}, s+ 1 | G(0)) =
∑
P: (1,...,s+1)=
⋃
i Xi
A|P|
(
t, {X1}, . . . , {X|P|}
) ∏
Xi⊂P
G
0,ǫ
|Xi|
(Xi)−
∑
P: (1,...,s)=
⋃
i Xi
A|P|
(
t, {X1}, . . . , {X|P|}
) |P|∑
j=1
G
0,ǫ
|Xj |+1
(Xj, s+ 1)
∏
Xi ⊂ P,
Xi 6= Xj
G
0,ǫ
|Xi|
(Xi).
We note also that nonperturbative solution of the nonlinear quantum BBGKY hierarchy (18)
or in the form of series expansions (24) can be transformed to the perturbation (iteration) series
as a result of the application of analogs of the Duhamel equation to cumulants (8) of groups of
operators (5).
The following statement is true.
Theorem 1. If maxn≥1
∥∥G0,ǫn ∥∥L1(Hn) < (2e3)−1, then in case of bounded interaction potentials for
t ∈ R a solution of the Cauchy problem of the nonlinear quantum BBGKY hierarchy (16),(17) is
determined by a sequence of marginal correlation operators represented by series expansions (18).
If G0,ǫn ∈ L
1
0(Hn) ⊂ L
1(Hn), it is a strong solution and for arbitrary initial data G0,ǫn ∈ L
1(Hn) it
is a weak solution.
The proof of the existence theorem is similar to the case of the reduced representation of a
nonperturbative solution of the nonlinear quantum BBGKY hierarchy [19].
3 On the representation of marginal correlation operators
by means of a one-particle density operator
In case of initial states specified in terms of a one-particle (marginal) density operator and cor-
relation operators the evolution of all possible states of quantum large particle systems can be
described within the framework of a one-particle density operator governed by the kinetic equation
without any approximations. In this section we consider an approach to the description of the
processes of the creation correlations and the propagation of initial correlations by means of a
one-particle density operator that is a solution of the generalized quantum kinetic equation with
initial correlations.
3.1 Marginal correlation functionals
If initial states specified in terms of a one-particle density operator (20), then the evolution
of states given in the framework of the sequence G(t) = (I, G1(t), . . . , Gs(t), . . .) of marginal
correlation operators (18) can be described by the sequence G(t | G1(t)) = (I, G1(t), G2(t | G1(t)),
. . . , Gs(t | G1(t)), . . .) of marginal correlation functionalsGs(t, 1, . . . , s | G1(t)), s ≥ 2, with respect
to the one-particle density (correlation) operator G1(t) [5].
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In case of initial states (20) the marginal correlation functionals Gs
(
t | G1(t)
)
, s ≥ 2, are
represented by the series expansions:
Gs(t, 1, . . . , s | G1(t)) =
∞∑
n=0
1
n!
Trs+1,...,s+nVs+n(t, θ({Y }), s+ 1, . . . , s+ n)
s+n∏
i=1
G1(t, i), (25)
In this formula it is used the notion of the declusterization mapping: θ({Y }) = Y ≡ (1, . . . , s),
and the one-particle (marginal) correlation operator is determined by the series expansion
G1(t, 1) =
∞∑
n=0
1
n!
Tr2,...,1+n A1+n(t)
n+1∏
i=1
G
0,ǫ
1 (i),
where the generating operator A1+n(t) ≡ A1+n(t, 1, . . . , n + 1) is the (1 + n)th-order cumulant
(14) of groups of operators (5). We adduce simplest examples of the generating operators of series
expansion (25):
Vs(t, θ({Y })) = Âs(t, θ({Y }))
.
= As(t, θ({Y }))
s∏
i=1
A
−1
1 (t, i),
Vs+1(t, θ({Y }), s+ 1) = Âs+1(t, θ({Y }), s+ 1)− Âs(t, θ({Y }))
s∑
i=1
Â2(t, i, s+ 1),
where the operator A−11 (t) is inverse to the operator A1(t), and in particular case s = 2 we have
V2(t, θ({1, 2})) = Ĝ2(t, 1, 2)− I,
where Ĝ2(t, 1, 2)
.
= G∗2(t, 1, 2)(G
∗
1)
−1(t, 1)(G∗1)
−1(t, 2) is the scattering operator.
A method of the construction of marginal correlation functionals (25) is based on the application
of kinetic cluster expansions [6] to the generating operators of series (21). The structure of
generating operators of series (25) we shall define below for more general case of initial states.
We conclude only that the generating operator of the nth term of series expansion (25) of
marginal correlation functionals is the (s+n)th-order evolution operator of cumulants of scattering
operators.
It should be noted that marginal correlation functionals (25) describe the correlations created
by dynamics of large particle quantum systems by means of a one-particle correlation (density)
operator.
Now we consider the case of initial states specified by a one-particle marginal density operator
with correlations, namely, initial states specified by the following sequence of marginal correlation
operators:
G(cc) =
(
I, G
0,ǫ
1 (1), g
ǫ
2(1, 2)
2∏
i=1
G
0,ǫ
1 (i), . . . , g
ǫ
n(1, . . . , n)
n∏
i=1
G
0,ǫ
1 (i), . . .
)
, (26)
where the operators gǫn(1, . . . , n) ≡ g
ǫ
n ∈ L
1
0(Hn), n ≥ 2, are specified the initial correlations. We
remark that such assumption about initial states is intrinsic for the kinetic description of many-
particle systems. On the other hand, initial data (26) is typical for the condensed states of large
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particle quantum systems, for example, the equilibrium state of the Bose condensate satisfies the
weakening of correlation condition with the correlations which characterize the condensed state [3].
In this case the marginal correlation functionals Gs(t | G1(t)), s ≥ 2, are defined with respect
to the one-particle (marginal) correlation operator
G1(t, 1) =
∞∑
n=0
1
n!
Tr2,...,1+n A1+n(t)g
ǫ
n+1(1, . . . , n+ 1)
n+1∏
i=1
G
0,ǫ
1 (i), (27)
where the generating operator A1+n(t) ≡ A1+n(t, 1, . . . , n+1) is the (1+n)th-order cumulant (14)
of groups of operators (5), and they are represented by the following series expansions:
Gs(t, Y | G1(t))
.
=
∞∑
n=0
1
n!
Trs+1,...,s+nGs+n(t, θ({Y }), X \ Y )
s+n∏
i=1
G1(t, i), s ≥ 2, (28)
where the (s + n)th-order generating operator Gs+n(t), n ≥ 0, of this series is determined by the
following expansion:
Gs+n(t, θ({Y }), X \ Y )
.
= n!
n∑
k=0
(−1)k
n∑
n1=1
. . .
n−n1−...−nk−1∑
nk=1
1
(n− n1 − . . .− nk)!
× (29)
A˘s+n−n1−...−nk(t, θ({Y }), s+ 1, . . . , s+ n− n1 − . . .− nk)×
k∏
j=1
∑
Dj : Zj =
⋃
lj
Xlj ,
|Dj | ≤ s+ n− n1 − · · · − nj
1
|Dj|!
s+n−n1−...−nj∑
i1 6=...6=i|Dj |=1
∏
Xlj⊂Dj
1
|Xlj |!
A˘1+|Xlj |
(t, ilj , Xlj).
In formula (29) we denote: Y ≡ (1, . . . , s), X \ Y ≡ (s + 1, . . . , s + n), the sum over all possible
dissections of the linearly ordered set Zj ≡ (s+ n− n1 − . . .− nj + 1, . . . , s+ n− n1 − . . .− nj−1)
on no more than s + n − n1 − . . .− nj linearly ordered subsets we denote by
∑
Dj :Zj=
⋃
lj
Xlj
and
the (s+ n)th-order scattering cumulant is defined by the formula
A˘s+n(t, θ({Y }), X \ Y )
.
= As+n(t, θ({Y }), X \ Y )g
ǫ
s+n(θ({Y }), X \ Y )
s+n∏
i=1
A
−1
1 (t, i),
where the operator gǫs+n(θ({Y }), X\Y ) is specified initial correlations (26), and notations accepted
above were used. We give examples of the scattering cumulants
Gs(t, θ({Y })) = A˘s(t, θ({Y }))
.
= As(t, θ({Y }))g
ǫ
s(θ({Y }))
s∏
i=1
A
−1
1 (t, i),
Gs+1(t, θ({Y }), s+ 1) = As+1(t, θ({Y }), s+ 1)g
ǫ
s+1(θ({Y }), s+ 1)
s+1∏
i=1
A
−1
1 (t, i)−
As(t, θ({Y }))g
ǫ
s(θ({Y }))
s∏
i=1
A
−1
1 (t, i)
s∑
j=1
A2(t, j, s+ 1)g
ǫ
2(j, s + 1)A
−1
1 (t, j)A
−1
1 (t, s+ 1).
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If ‖G1(t)‖L1(H) < e
−(3s+2), then for arbitrary t ∈ R series expansion (28) converges in the norm
of the space L1(Hs) [6].
We emphasize that marginal correlation functionals (28) describe the processes of the creation
and the propagation of correlations generated by dynamics of large particle quantum systems in
the presence of initial correlations by means of a one-particle density operator.
3.2 A quantum kinetic equation with initial correlations
We establish the evolution equation for one-particle marginal correlation operator (27).
As a result of the differentiation over the time variable of the operator represented by series (27)
in the sense of the norm convergence of the space L1(H), then due to the application of the kinetic
cluster expansions [2] to the generating operators of obtained series expansion, for one-particle
(marginal) correlation operator (27) we derive the following identity
∂
∂t
G1(t, 1) = N
∗(1)G1(t, 1) + ǫTr2N
∗
int(1, 2)G1(t, 1)G1(t, 2) + (30)
ǫTr2N
∗
int(1, 2)G2(t, 1, 2 | G1(t)),
where the second part of the collision integral in equation (30) is determined in terms of the
marginal correlation functional represented by series expansion (28) in case of s = 2. This identity
we treat as the quantum kinetic equation and we refer to this evolution equation as the generalized
quantum kinetic equation with initial correlations.
We emphasize that the coefficients in an expansion of the collision integral of the non-Markovian
kinetic equation (30) are determined by the operators specified initial correlations (26).
For the generalized quantum kinetic equation with initial correlations (30) on the space L1(H)
the following statement is true.
Theorem 2. If ‖G0,ǫ1 ‖L1(H) < (e(1 + e
9))−1, the global in time solution of initial-value problem of
kinetic equation (30) is determined by series expansion (27). For initial data G0,ǫ1 ∈ L
1
0(H) it is a
strong solution and for an arbitrary initial data it is a weak solution.
The proof of the existence theorem is similar to the case of the generalized quantum kinetic
equation [5].
4 A mean field asymptotic behavior of marginal correla-
tion operators
This section deal with the scaling asymptotic behavior of the constructed marginal correlation
operators. The processes of the creation and the propagation of correlations will be described in a
mean field limit for two cases: initial states satisfying a chaos property and initial states specified
by means of a one-particle density operator and correlations.
4.1 On the propagation of initial chaos
In the beginning we give comments on the mean field asymptotic behavior of constructed solution
(18) in case of the initial state (20), satisfying a chaos condition [6].
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We assume the existence of a mean field limit of the initial marginal correlation operator (or
the one-particle density operator) in the following sense
lim
ǫ→0
∥∥ǫG0,ǫ1 − g01∥∥L1(H) = 0. (31)
Since nth term of series expansion (21) for s-particle marginal correlation operators is deter-
mined by the (s + n)th-order cumulants of asymptotically perturbed groups of operators (5) for
which the following equality is true
lim
ǫ→0
∥∥∥ 1
ǫn
As+n(t, 1, . . . , s+ n)fs+n
∥∥∥
L1(Hs+n)
= 0, s ≥ 2, (32)
then we establish the property of the propagation of initial chaos (20)
lim
ǫ→0
∥∥ǫsGs(t)∥∥L1(Hs) = 0, s ≥ 2.
In case of s = 1 for series expansion (21) the following equality is true
lim
ǫ→0
∥∥ǫG1(t)− g1(t)∥∥L1(H) = 0,
where for arbitrary finite time interval the limit one-particle marginal correlation operator g1(t, 1)
is given by the norm convergent series on the space L1(H)
g1(t, 1) =
∞∑
n=0
t∫
0
dt1 . . .
tn−1∫
0
dtn Tr2,...,n+1G
∗
1(t− t1, 1)N
∗
int(1, 2)
2∏
j1=1
G∗1(t1 − t2, j1) . . . (33)
n∏
in=1
G∗1(tn − tn, in)
n∑
kn=1
N ∗int(kn, n+ 1)
n+1∏
jn=1
G∗1(tn, jn)
n+1∏
i=1
g01(i).
In series (33) the operator N ∗int(j1, j2) is defined according to formula (6) and the mapping G
∗
1(t)
is defined by formula (4). For bounded interaction potential series (33) is norm convergent on the
space L1(H) under the condition that: t < t0 ≡
(
2 ‖Φ‖L(H2)‖g
0
1‖L1(H)
)−1
.
As a result of the differentiation over the time variable of the operator represented by series
(33) in the sense of the norm convergence of the space L1(H), we conclude that limit one-particle
marginal correlation operator (33) is governed by the Cauchy problem of the Vlasov quantum
kinetic equation
∂
∂t
g1(t, 1) = N
∗(1)g1(t, 1) + Tr2N
∗
int(1, 2)g1(t, 1)g1(t, 2), (34)
g1(t)|t=0 = g
0
1, (35)
and consequently, in case of pure states we derive the Hartree equation [6], i.e. in terms of the
kernel g1(t, q, q
′) = ψ(t, q)ψ∗(t, q′) of the operator (33), describing a pure state, equation (34)
reduces to the Hartree equation
i
∂
∂t
ψ(t, q) = −
1
2
∆qψ(t, q) +
∫
dq′Φ(q − q′)|ψ(q′)|2ψ(t, q),
where the function Φ is a two-body interaction potential.
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4.2 On the propagation of initial correlations
Further, we establish the mean field asymptotic behavior of constructed marginal correlation
operators (18) in case of the initial state specified by the one-particle marginal density operator
with correlations (26).
We assume the existence of a mean field limit of initial one-particle marginal correlation operator
in the sense of equality (31) and initial correlations as follows:
lim
ǫ→0
∥∥gǫn − gn∥∥L1(Hn) = 0, n ≥ 2. (36)
Hence a mean field limit of initial state (26) is specified by the sequence of limit marginal corre-
lation operators defined on the space FH =
⊕∞
n=0Hn:
g(cc) =
(
I, g01(1), g2(1, 2)
2∏
i=1
g01(i), . . . , gn(1, . . . , n)
n∏
i=1
g01(i), . . .
)
.
Under conditions (31),(36) on initial state (26) there exists a mean field limit of marginal
correlation operators (18) in the following sense
lim
ǫ→0
∥∥ǫsGs(t)− gs(t)∥∥L1(Hs) = 0, s ≥ 1,
where for s ≥ 2 the limit marginal (s-particle) correlation operator gs(t) is represented by the
operator
gs(t, 1, . . . , s) =
s∏
i1=1
G∗1(t, i1)gs(1, . . . , s)
s∏
i2=1
(G∗1)
−1(t, i2)
s∏
j=1
g1(t, j), s ≥ 2, (37)
and, respectively, the limit one-particle correlation operator g1(t) is represented by the following
series expansion
g1(t, 1) =
∞∑
n=0
t∫
0
dt1 . . .
tn−1∫
0
dtnTr2,...,n+1G
∗
1(t− t1, 1)N
∗
int(1, 2)
2∏
j1=1
G∗1(t1 − t2, j1) . . . (38)
n∏
in=1
G∗1(tn − tn, in)
n∑
kn=1
N ∗int(kn, n+ 1)
n+1∏
jn=1
G∗1(tn, jn)×
∑
P : (1, . . . , n+ 1) =
⋃
i Xi
∏
Xi⊂P
g|Xi|(Xi)
n+1∏
i=1
g01(i).
For bounded interaction potentials series (38) is norm convergent on the space L1(H) under the
condition that: t < t0 ≡ (2 ‖Φ‖L(H2)‖g
0
1‖L1(H))
−1.
The operator g1(t) represented by series (38) is a solution of the Cauchy problem of the Vlasov-
type quantum kinetic equation with initial correlations:
∂
∂t
g1(t, 1) = N
∗(1)g1(t, 1) + (39)
Tr2N
∗
int(1, 2)
2∏
i1=1
G∗1(t, i1)(g2(1, 2) + 1)
2∏
i2=1
(G∗1)
−1(t, i2)g1(t, 1)g1(t, 2),
g1(t)|t=0 = g
0
1, (40)
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where the operators N ∗(1) and N ∗int(1, 2) are defined according to formula (6). We point out that
derived kinetic equation (39) is non-Markovian quantum kinetic equation.
Thus, mean field dynamics does not create new correlations except of those that generating by
the initial correlations.
The proof of stated results (37) and (38) is based on the validity of equality (32) for cumulants
of asymptotically perturbed groups of operators (5) and the explicit structure of the generating
operators of series expansion (18) of marginal correlation operators, for example, in case of s = 1
series expansion (18) takes the form
G1(t, 1) =
∞∑
n=0
1
n!
Tr2,...,1+n A1+n(t)
∑
P : (1, . . . , n+ 1) =
⋃
i Xi
∏
Xi⊂P
gǫ|Xi|(Xi)
n+1∏
i=1
G
0,ǫ
1 (i),
where the generating operator A1+n(t) ≡ A1+n(t, 1, . . . , n+1) is the (1+n)th-order cumulant (14)
of groups of operators (5).
We remark that the sequence of limit marginal correlation operators (37) and (38) is a solution
of the quantum Vlasov hierarchy of nonlinear evolution equations [19], which is described a mean
field limit of marginal correlation operators (18) in case of arbitrary initial states, i.e.
∂
∂t
gs(t, 1, . . . , s) =
∑
i∈(1,...,s)
N ∗(i)gs(t, 1, . . . , s) + Trs+1
∑
i∈(1,...,s)
N ∗int(i, s+ 1)
(
gs+1(t, 1, . . . ,
s+ 1) +
∑
P : (1, . . . , s+ 1) = X1
⋃
X2,
i ∈ X1; s+ 1 ∈ X2
g|X1|(t, X1)g|X2|(t, X2)
)
, s ≥ 1,
where we used notations similar to accepted in kinetic equation (39).
We note also that for marginal correlation functionals (28) the following equalities hold:
lim
ǫ→0
∥∥∥ǫsGs(t, 1, . . . , s | G1(t))−
s∏
i1=1
G∗1(t, i1)gs(1, . . . , s)
s∏
i2=1
(G∗1)
−1(t, i2)
s∏
j=1
g1(t, j)
∥∥∥
L1(Hs)
= 0, s ≥ 2,
where the limit one-particle (marginal) correlation operator g1(t) is represented by series expansion
(38), i.e. it is a solution of the Cauchy problem (39),(40).
5 Conclusion
The marginal correlation operators (18) give an equivalent approach to the description of the
evolution of states of large particle quantum systems in comparison with the marginal density
operators. The macroscopic characteristics of fluctuations of observables are directly determined
by marginal correlation operators on the microscopic scale [3], [19].
This paper deals with a quantum system of a non-fixed, i.e. arbitrary but finite, number of
identical (spinless) particles obeying Maxwell – Boltzmann statistics. The obtained results can be
extended to large particle quantum systems of bosons and fermions [18].
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In the paper it was established that a nonperturbative solution of the Cauchy problem of the
nonlinear quantum BBGKY hierarchy (16),(17) for a sequence of marginal correlation operators
is represented in the form of series expansion (18) over particle subsystems which generating
operators are corresponding-order cumulant (19) of groups of nonlinear operators (7). In case of
initial states specified by a sequence of the marginal correlation operators that satisfy a chaos
property (20) the correlations generated by dynamics of large particle quantum systems (21) are
completely determined by cumulants (8) of groups of operators (5) of the von Neumann equations.
The concept of quantum kinetic equations in case of initial states specified in terms of a one-
particle density operator and correlation operators (30), for instance, the correlation operators,
characterizing the condensed states, was considered. We remark that in case of pure states the
quantum Vlasov-type kinetic equation with initial correlations (39) can be reduced to the Gross
– Pitaevskii-type kinetic equation.
We also emphasize that the natural Banach spaces for the description of states of large particle
quantum systems, for instance, the operator spaces containing the sequence of operators of equi-
librium state, are different from the used Banach space [6]. In paper [21] it was introduced the
space of sequences of bounded translation invariant operators, making it a better choice for the
description of quantum correlations.
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